General analytical solutions for stability, free and forced vibration of an axially loaded Timoshenko beam resting on a two-parameter foundation subjected to nonuniform lateral excitation are obtained using recursive differentiation method (RDM). Elastic restraints for rotation and translation are assumed at the beam ends to investigate the effect of support weakening on the beam behavior. However, the effects of rotational inertia and shear stress induced from the axial load are considered. The obtained solutions are verified first and then used to investigate the significance of different parameters on the beam behavior. In addition, solutions of forced vibration are analyzed to highlight the effects of excitation nonhomogeneity on the beam behavior.
Introduction
The static and dynamic analysis of Timoshenko beams with different configurations are of great importance for the design of many engineering applications. Analytical solutions are limited to study the behavior of Timoshenko beams with simple configuration due to the mathematical complexity of the problem. Ruta [1] used Chebyshev polynomials to study nonprismatic Timoshenko beams. The invalidation of BernoulliEuler theory for the cases of free-free and pinned-free shear beams has been discussed by Kausel [2] . Attarnejad et al. [3] applied the differential transform (DT) to investigate the free vibration of Timoshenko beams resting on two-parameter elastic foundations. Taha and Nassar [4] studied free and forced vibration of stressed Timoshenko beams resting on two-parameter foundations using the Adomian decomposition method (ADM). Free and forced vibrations of Timoshenko beams, described by a single difference equation, have been studied by Majkut [5] .
On the other hand, numerical methods are used in the analysis of Timoshenko beams with complex configurations. Cheng and Pantelides [6] studied Euler and Timoshenko beams using continuous models and the stiffness matrix method. Geist and Mclaughlin [7] discussed the phenomenon of double frequencies in Timoshenko beams at certain values of beam slenderness ratios. Chen [8] used differential quadrature element method (DQEM) to study the vibration of nonprismatic shear deformable beams resting on elastic foundations. Monsalve et al. [9] presented dynamic analysis of Timoshenko beam-column with generalized end conditions on an elastic foundation using finite element method (FEM). Kocaturk and Simsek [10] investigated the vibration of Timoshenko beams under various boundary conditions using Lagrange equations and used Lagrange multipliers to account for different cases of boundary conditions. Nguyen [11] studied the vibration of prestressed Timoshenko beams either fully or partially supported on an elastic foundation using the finite element method (FEM). Auciello [12] used the Rayleigh-Ritz approach and boundary characteristic orthogonal polynomials are chosen as trial functions to investigate the vibration of Timoshenko beams on two-parameter foundations.
Analytical solutions for boundary value problems are always preferable compared to numerical solutions as they are more general and give a better understanding of the model behavior. On the other hand, unfortunately, analytical solutions are limited to simple and idealized models. Recursive differentiation method (RDM) is an efficient analytical method proposed by Taha [13] for tackling boundary value problems governed by linear or nonlinear differential equations. The method constructs analytical solutions based on Taylor expansion and can deal with complicated configurations of beam-foundation systems in finite domain. Taha and Doha [14] used RDM to study dynamics of beamfoundation systems assuming Euler-Bernoulli hypothesis.
In the present paper, RDM is implemented to obtain analytical solutions for the differential equations governing the static and dynamic behavior of axially loaded Timoshenko beams resting on two-parameter foundation with elastic end restraints and subjected to nonuniform lateral excitation. Both the influence of rotational inertia and the shear stress induced from the effect of axial load proposed by Timoshenko and Gere [15] will be considered. The stability behavior of cantilever Timoshenko beam resting on elastic foundation will be analyzed. In addition, the influences of the elastic end restraints weakening will be studied. Further, the significance of different parameters on the maximum lateral response amplitude of the beam due to different types of lateral excitation will be investigated.
Formulation of the Governing Equations

Dynamic Equations of Timoshenko
Beams. The equations of translational and angular motion of an infinitesimal element of an axially loaded Timoshenko beam subjected to lateral excitation resting on two-parameter foundation shown in Figure 1 are
The force-displacement relations considering additional shear stress induced from the component of the axial load in the direction of the deformed section ( sin( ) ≅ ( , )) proposed by Timoshenko and Gere [15] are
The relation between the deformation components of the beam element (shown in Figure 1 (c)) is
where is the modulus of elasticity of the beam material, is the moment of inertia of the beam cross section, is the density, is the area of the cross section, = is the effective shear area, is a correction factor to take into account the nonuniform distribution of shear stress ( = 2/3 for rectangular cross section), is the axial applied load, 1 and 2 are the linear and shear foundation stiffness factors per unit length of the beam, ( , ) is the lateral excitation acting on the beam, ( , ) is the rotation of the beam cross section, is the deformation angle due to the shear force, ( , ) is the angle between the axial load and the normal to the deformed cross section, ( , ) is the shear force, ( , ) is the bending moment, ( , ) is the lateral response of the beam, is the coordinate along the beam, and is the time.
Substituting (3), (4) , and (5) into (1) and (2), the equations of motion may be expressed as
Introducing the dimensionless variables = / and = / , then (6) may be expressed as
Assuming harmonic excitation, hence the responses are expected to be harmonic; then,
where Ω is the excitation frequency. Most of the practical cases for nonuniform continuous loading function can be closely simulated by assuming quadratic loading function in the form
Substituting (8) into (7),
Additional Shear Induced from the Axial Load.
There are three approaches in dealing with the shear stress induced from the axial load: the first approach neglects the additional Mathematical Problems in Engineering shear stress, the second approach assumes the inclination angle between the axial load and the outward normal to the deformed cross section ( , ) = ( , ), and the third approach assumes ( , ) = / . According to the first approach ( ( ) = 0), (10) may be rewritten as
Defining the dimensionless parameters,
Using the dimensionless parameters defined in (12), (11) may be expressed as
where
where is the slenderness parameter, is the frequency parameter, is the slenderness ratio, is the radius of gyration, is the axial load parameter, 1 is the foundation linear stiffness parameter, and 2 is the foundation shear stiffness parameter.
Inserting (14) into (13), the equation describing the lateral response amplitude of the Timoshenko beam based on the first approach is
Similarly, for the second approach ( ( ) = ( )), (11) may be expressed as
Also, the equation of the lateral response amplitude of the Timoshenko beam according to the second approach is
where 4 = + 3 . According to the third approach ( ( ) = / ), the dynamic equations of lateral response amplitude can be obtained as
The dynamic equations of different approaches may be expressed as
where parameters for the first approach are defined as
And, for the second approach, they are defined as
For the third approach, they are defined as
Boundary Conditions due to Elastic
Restraints. For the case of the elastic restraints at both ends, the physical boundary conditions at beam ends are
Using the dimensionless variables and and (2), (3), and (23), the boundary conditions in dimensionless form assuming the first approach ( ( ) = 0) may be obtained as (1) = − 6
4
(1) (28c) (1)
For the second approach ( ( ) = ( )), the boundary conditions can be expressed as (1) = − 6
(1) (29c) (1)
On the other hand, for the third approach ( ( ) = ( )), the boundary conditions can be expressed as (1)
(31)
Solution of the Governing Equations
Applications of the RDM to the Governing Equations.
To use RDM, the response amplitude equations, (16), (18), or (21), are to be rewritten in the recursive form
where ( ) is the -derivative of . Coefficients , for the first approach are
For the second approach, coefficients , are 
In addition, coefficients , for the third approach are
The solution of (32) may be expressed as
where the recursive functions ( ), = 1 : 4, and the force function ( ) are given by
The recurrence formulae for coefficients +1, , = 1 : , and are given by
The application of the boundary conditions (see (28a)-(28d), (29a)-(29d), or (30a)-(30d)) at = 0,1 yields a system of 4-algebraic equations in 4 unknowns, 1 , 2 , 3 , and 4 ; however, calculating these unknowns, the response amplitude distribution, ( ), can be obtained.
The distribution of bending moment ( ) and shearing force ( ) may be obtained using (2) and (3), respectively.
Calculations of Critical Loads and Natural Frequencies.
The critical loads and natural frequencies may be calculated by assuming zero excitation amplitude ( ( ) = 0) and replacing the excitation frequency Ω by the natural frequency of the system. The substitution of ( ) and its derivatives into the boundary conditions yields a system of homogeneous algebraic equations whose nontrivial solution yields a twoparameter eigenvalue problem in and . The solution of the two-parameter eigenvalue problem yields both critical loads cr and buckling modes for static case ( = 0) and the natural frequencies of system and the mode shapes for free vibration ( < cr ).
Also, critical loads and natural frequencies may be obtained from forced vibration by detecting the axial load or the excitation frequency at which the response amplitude becomes unbounded.
Verification of the Obtained Solutions.
The natural frequency parameter of the lower three modes for Timoshenko beams , = 1 : 3, is obtained using the present solution assuming the third approach and compared with those obtained from the Rayleigh-Ritz approach [12] . The comparison is indicated in Table 1 for different boundary conditions. It is found that the results of the two approaches are compatible.
Numerical Results and Discussion
The obtained solutions are used to investigate the influence of beam and foundation parameters on the stability parameters and dynamic behavior of Timoshenko beams. The foundation parameters ( 1 and 2 ) and beam properties are taken similar to those given in Taha and Doha [14] .
However, for the investigation of the amplitude of the lateral response, the following normalized parameters are introduced: 
where is the loading parameter, * is the maximum amplitude parameter, max is the maximum amplitude of the investigated case, and -max is the maximum amplitude for the P-P corresponding case.
Stability Parameters for Cantilever Beams.
Although many engineering applications belong to the Timoshenko cantilever beam model, a few articles are published concerning the stability and dynamic behavior of such model due to its mathematical complications. In the present work, the investigation of cantilever beam behavior is highlighted. The comparison between the different approaches dealing with the shear induced from the axial load on the frequency parameter for clamped-free beams (C-F) is shown in Figure 2 : case (a) for beams without foundation ( = 0) and case (b) for beams resting on stiff foundation ( = 10 8 ).
On the other hand, the influences of different approaches on quantifying the critical load of C-F beams are indicated in the beam stiffness and the effect is noticeable for beams with slenderness ratio < 20.
In the following analysis, the parametric study is based on the second approach as it is the rational one because the angle between the axial load and the outward normal to the deformed cross section ( , ) is actually equal to the angle of cross section rotation ( , ) in the deformed configuration.
The influence of foundation type on the frequency parameter for C-F beams is shown in Figure 4 . It is found that, as the slenderness ratio increases, the natural frequency of beams resting on foundation increases due to the increase of foundation share in the overall stiffness of the system. The increase in the natural frequency parameter is more noticeable for stiff foundations (SF). The critical load of Timoshenko C-F beam without foundation cr = 0.21 2 .
Weakening of the End Restraints.
The effect of rotational stiffness variations on the natural frequency parameter is shown in Figure 5 (a) for different types of foundations ( = 10) and in Figure 5 (b) for different values of slenderness ratio ( = 0). Further, the effect of rotational stiffness variations on the critical load parameter is shown in Figure 6 (a) for different types of foundation ( = 10) and in Figure 6 (b) for different values of slenderness ratio ( = 0).
The influence of rotational stiffness variations on the natural frequency parameter is shown in Figure 7 the high stiffness of the beam relative to the foundation. Also, it is found that the influence of rotational stiffness increases with the increase in the slenderness ratio. Also, it is found that the natural frequency decreases as the axial load increases till the axial load approaches its critical values; then the natural frequency approaches zero.
Forced Vibration Analysis.
The weakening of ends elastic restraints is represented by the variation of the restraint stiffness. The variation of normalized maximum response amplitude ( * ) with the ends rotational stiffness ( ) is indicated in Figure 8 for different loading types. Case (a) represents the effects of uniform loading functions, case (b) represents the effect of linear loading functions, and case (c) represents the effect of quadratic loading functions. As the case of = 0 represents the P-P beams, it is obvious from the figures that the displacement due to dynamic loading is greater than those for static loading due to the inertia force interference at = 0. Also, it is clear that, as increases, the stiffness of the beam increases and the response amplitude decreases. It is obvious that, at a certain combination of the system parameters, the resonance condition is approached and unbounded response amplitude is detected. As the axial load increases, the variations of the end rotational stiffness may cause the system to reach the resonance conditions and the amplitude becomes unbounded. If the damping is taken into consideration, the amplitude will possess a finite value but such condition is to be prevented. However, it is concluded that the weakening of the end restraints may offer a parameters combination coinciding with the resonance conditions for the first mode or one of the higher modes and unbounded amplitudes may be reached.
Conclusions
The RDM is used to investigate the stability behavior of axially loaded cantilever Timoshenko beam resting on twoparameter foundation. In addition, the analysis includes the investigation of Timoshenko beams resting on twoparameter foundation and subjected to different types of lateral excitation. The supports at the beam ends are assumed of the elastic type to investigate the impact of the support weakening on the beam behavior. Both the effect of rotational inertia and the correction of the shear stress due to axial loading are taken into consideration which decreases the beam stiffness. It is concluded that the significance of the foundation on the Timoshenko beams ( < 20) behavior is negligible; the effect of end restraints is more noticeable for slender beams and the natural frequency decreases as the axial load increases. However, for the case of the forced vibration, the resonance conditions may result from the weakening of the end supports and unbounded response amplitudes may be reached. The analysis depicts the simplicity and accuracy of the RDM in tackling the boundary value problems.
